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Summary
A small increment in the dependent variable of a function can be estimated by
multiplying the rate of change of the function at that point by the increment in the
independent variable.
The gradient of a tangent to a curve is equal to the gradient of the curve at that point
and can be found by differentiating. The equation of a tangent at a given value of the
independent variable can be found by finding the value of the dependent variable to get
a point that the tangent passes through and finding the derivative at that point to get
the gradient. The normal to a curve at a point is perpendicular to the tangent and so
has a gradient equal to the negative of the reciprocal of that of the tangent.
The value of the independent variable at a point where a curve has a given gradient can
be found by putting the derived function equal to the given gradient and solving for the
independent variable.
The rate of change of a function is zero at a turning point. We can find the turning
point(s) by equating the derivative to zero and solving. This idea can be used to
optimise the value of a variable. It can also be used to locate turning points to assist
with curve sketching.

Learn
Small Increments
A spherical buoy has a radius of 40 cm. It is to be painted and
the paint will be 1 mm thick. We want to know how much paint
it will take.
There are a few of ways to work this out. We could find the
surface area and multiply it by 1 mm. Or we could calculate the
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volume when r = 40 cm and when r = 40.1 cm and find the difference. But we can also
do it using calculus – a method called the increment method. Admittedly, the calculus
method isn’t really much quicker or easier than the other two methods, but it is a
method you will probably need to be familiar with. Also, it helps consolidate some of
the calculus ideas you have already learnt.
4

The volume, V, of the sphere in terms of its radius, r, is given by V = 𝜋𝑟 3 .
3

Differentiating this with respect to r gives us
Now, from Module C6-2, we know that

∆𝑉
𝑑𝑟

≈

𝑑𝑉
𝑑𝑟

𝑑𝑉
𝑑𝑟

= 4𝜋𝑟 2 .

, where dr is a change in r and ΔV is the

corresponding change in V. The smaller dr, the closer

We can rearrange

∆𝑉
𝑑𝑟

≈

𝑑𝑉
𝑑𝑟

to ΔV ≈

𝒅𝑽
𝒅𝒓

∆𝑉
𝑑𝑟

will be to

𝑑𝑉
𝑑𝑟

.

× dr. So the change in volume is approximately

equal to the derivative multiplied by the change in radius. This should be fairly
obvious if you think about it. Think about it until it is.
Now

𝑑𝑉
𝑑𝑟

𝑑𝑉

= 4𝜋𝑟 2 . When r = 40, 𝑑𝑟 = 4𝜋 × 402 = 20 106 cm3/cm.

The paint will increase the radius by 0.1 cm, so dr = 0.1 cm.
So ΔV ≈

𝑑𝑉
𝑑𝑟

× dr ≈ 20 106 × 0.1 cm3 ≈ 2010.6 cm3.

So about 2010.6 cm3 of paint will be needed.
2 L of paint will cover the buoy to a thickness very close to 1 mm.
Of course, the increment method only works for small increments. For large
increments, ΔV is too different from dV.
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Practice
Q1

A spherical buoy has a radius of 60 cm and needs a 2 mm coat of paint. Use
the increment method to find how many litres of paint will be needed.

Q2

Mr McGregor has a round carrot patch with a radius of 8 m. Use the
increment method to work out approximately what extra area of garden he
will have if he increases the radius to 8.1 m

Q3

Harriet’s spherical helium balloon has shrunk from a diameter of 40 cm to
39.5 cm. What volume of helium has leaked out? Use the increment method.

Q4

The expected profit from a sausage stall is given by p = 2s – 0.003 s2, where
p is the profit in dollars and s is the number of sausages bought. 200
sausages have been ordered. Use the increment method to find out how
much the expected profit would have increased if they had ordered another 3
sausages?

Tangents and Normals
We can find the formula of the tangent (often called
the equation of the tangent) to a curve.

y = x2

y

For example, suppose we want the equation of the
tangent to y = x2 at x = 3.
First we need to find the gradient of the curve at
that point. Differentiating, we get
x = 3,

𝑑𝑦
𝑑𝑥

𝑑𝑦
𝑑𝑥

tangent
gradient = 6

= 2x. When
3

x

= 6. So the gradient of the curve at x = 3 is

6 and the gradient of the tangent there is 6.
To find the equation of the tangent, we need the gradient and a point that it passes
through. Knowing y = x2, y(3) = 9. So the tangent passes through (3, 9).
The equation of the tangent is y = mx + c. As the gradient is 6, this is y = 6x + c.
When x = 3, y = 9. Subbing these into y = 6x + c, we get 9 = 18 + c. So c = ‒9, and the
equation is y = 6x – 9.

Practice
Q5

Find the equation of the tangent to y = x2 at x = –2.

Q6

Find the equation of the tangent to y = x3 – 4x at x = 2.

Q7

Find the x-intercept of the tangent to y = 4 – x2 at x = 1.

Q8

For the graph of y = x3 – 9x, find where the tangent at x = ‒2 crosses the
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y-axis.
Q9

(a) Sketch the graph of y = x2 – 2x
(b) A tangent is drawn to this graph at x = –2. Find the area of the triangle
made by the tangent and the x and y axes.

Q10 Tangents are drawn to y = x3 – 4x at x = 0 and at x = 2. Find the angle
between these two tangents.
Q11 Tangents are drawn to the curve y = 4x − x2 at x = 1 and x = 4. Find the
coordinates of the intersection of the two tangents.

We know that, if two lines on the Cartesian plane are parallel, then they have the
same gradient. If two lines are perpendicular, then the product of their gradients is –1.
The gradient of one is the negative of the reciprocal of the gradient of the other.
A normal to a curve at a point is a line passing through that point perpendicular to the
tangent at that point.

y = x2

y
normal
gradient = ‒1/6

tangent
gradient = 6
3

x

Practice
Q12 A tangent is drawn to y = x2 at x = 4. Find the equation of the line parallel to
this tangent and passing through the origin.
Q13 A tangent is drawn to y = x3 at x = –1. Find the equation of the line parallel
to this tangent and passing through the point (4, 2).
Q14 Find the equation of the normal to y = x2 at x = 1.
Q15 Find the equation of the normal to y = x3 – 4x at x = 3.
Q16 Find the axis intercepts of the normal to y = ½x2 at x = 4.
Q17 Find where the normals to y = 4x2 – 2x at x = –1 and x = 2 intersect.
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Finding a Point with a Given Gradient
At what x-value does y = x2 have a gradient of 3?
𝑑𝑦

The gradient is 𝑑𝑥 = 2x. If this is 3, then 2x = 3 and x = 1.5.
We just find the derivative and equate it to the given gradient. Pretty easy.

Practice
Q18 At what x-value does y = x2 have a gradient of 10?
Q19 At what x-value does y = x2 have a gradient of –2?
Q20 At what x-value does y = 2x2 – 7x have a gradient of 0?
Q21 At what x-value does the tangent to y = 3x2 + 2x have a gradient of 4?
Q22 Find the equation of the tangent to y = x2 with a gradient of –6.
Q23 Find the equation of the tangent to y = 3x2 + 6 with a gradient of 12.
Q24 Find the equation of the normal to y = x2 with a gradient of –¼.
Q25 Find the equations of the two tangents to y = x3 with a gradient of 3.
Q26 Find the equations of the two tangents to y =

4
𝑥

with a gradient of –1.

Q27 A line with gradient 2 is a tangent to y = x2 + 4. Where does this line cut
the curve y = x2?
Q28 y = x3 + bx is horizontal (gradient = 0) at x = 5. Find the value of b.
Q29 y = x3 + bx + c is horizontal at (2, –4). Find the values of b and c.
Q30 Find the equations of the two lines which are tangents both to y = x2 + 4 and
to y = –x2 – 4.
Q31

A normal to y = x2 – 2x has gradient –½. Find the two points where it cuts
the curve.

Optimisation
Optimisation is finding the best (or optimum) value for a given variable, best meaning
highest or lowest depending on the context. For profit, best would mean highest, for
cost or hours required to do a job, best would probably mean lowest.
Jonno has a maths exam tomorrow morning. He gets home today at 4:30 p.m. and has
15 hours before he needs to go back to school. If he does a bit of study, he will get a
better mark; if he does more study, he will do better still; but if he spends all night
studying, he won’t be in a fit state to do the exam and will do worse that if he’d done
none.
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The graph of score on the exam vs hours spent studying looks like this:
score

100

0
0

5

10

15 study hours

This relation can be expressed by the formula s = 60 + 5h – 0.4h2, where s is the score
and h is the number of hours spent studying.
As h changes, s will change. The rate of change of s with respect to h,

𝑑𝑠
𝑑ℎ

= 5 – 0.8h.

Jonno decides to do the number of hours study that will maximise his score. This is
the point where the graph is highest. This is the point where the gradient is zero. At
this point the graph has risen all it’s going to and will start to fall again if he studies
any longer. He needs to find what is the optimal number of hours – the number that
will give him the maximum score.
To do this, he uses the crucial fact that when s is at its maximum, the gradient is 0.
This means that
As

𝑑𝑠
𝑑ℎ

𝑑𝑠
𝑑ℎ

= 0.

= 5 – 0.8h, this means that 5 – 0.8h = 0.

This equation is easy to solve and gives us h = 6.25.
So he should study 6.25 hours to get the highest score.
We can find out what that score is by subbing 6.25 into the original function,
s = 60 + 5h – 0.4h2. This gives us about 76 marks.
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Practice
Q32 Martha is sitting the same test as Jonno. She lives further from school,
though, and has only 14 hours between getting home and going back to
school. She isn’t quite as prepared for the test as Jonno when she gets home,
but she is better at functioning on little sleep. So, the relation between hours
of study and score for Martha is s = 50 + 3h – 0.3h2.
How many hours study should Martha do to get the highest possible score
on the test and what score will she get?
Q33 The Cricket Club is running a sausage sizzle. Obviously, they need to buy
some sausages to sell if they want to make a profit. More sausages will mean
more profit – up to a point – if they buy too many, they will waste a lot and
so will make less profit. The profit, p, expected if s sausages are bought is
given by p = 1.5s – 0.005s2, where p is in dollars.
How many sausages should they buy to have the maximum expected profit
and what would that profit be?
Note that calculus can only really be used on continuous relations. Strictly
speaking, the relation between profit and number of sausages is discrete
because you don’t normally buy half a sausage. However, if we assume, for
the sake of answering the question, that it is possible to buy any fraction of a
sausage, then we can use calculus and we will get the right answer.
Q34 Cindy is running a lemonade stall at the local fete. Past experience tells her
that the likely profit will be given by p = 3a – 0.01a2 – 40, where p is the
profit in dollars and a is the amount of lemonade she buys in litres. Find
how much lemonade she should buy to maximise her likely profit and how
much her profit will be if she buys that much.
Q35 The height of a cannonball is related to time since firing by

h = 12 + 40t – 5t2, where h is the height in metres and t is the time since
firing in seconds. Find when the cannonball will be at its highest and what
that height will be.

More than One Horizontal Point
A tray is to be made from a 20 cm by 30 cm rectangular metal sheet by cutting a
square from each corner, then folding up the sides.

If the squares are very small, the height (depth) of the tray will be very small and so
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the capacity will be very small. As the squares get bigger, the capacity will increase,
but if they get too big, the base area of the tray will become very small and the
capacity will decrease again.
Our task is to find the size square that will give the greatest capacity for the tray and
to find that maximum capacity.
If we cut an s by s square from each corner, the base of the tray will be rectangle with
side lengths 20 – 2s and 30 – 2s. The height of the tray will be s. So the volume will be
(20 – 2s)  (30 – 2s)  s.
V = (20 – 2s)  (30 – 2s)  s
= (600 – 100s + 4s2)  s
= 600s – 100s2 + 4s3
𝑑𝑉
𝑑𝑠

= 600 – 200s + 12s2

Then we find where the derivative is equal to zero
600 – 200s + 12s2 = 0
Solving this quadratic gives
s = 3.924 or s = 12.74
So the function has two turning points –
one at x = 3.924 and one at x = 12.74.

V

1000

The graph of V vs s actually looks like this:
We can see that the graph is horizontal at two
points. That’s why
values of s.

𝑑𝑉
𝑑𝑠

0

0

5

10

is equal to zero at two

15
s

Looking at the graph, we can see that the maximum V will be at the lower s-value, i.e.
3.924 cm. So the optimum square size is 3.924 cm.
But we could actually work that out without drawing the graph. We
know that a cubic function with a positive coefficient of x3 is shaped like
this. [This is because, as x gets very large and positive, the x3 term will
become predominant and the value of the function will be positive.] So
the lower s-value is the maximum.
Another way to work it out is to realise that cutting out 12.74 cm squares is not
possible when the metal sheet is 20 cm wide.
Whatever method we use, we know that the first turning point will be the maximum.
Now that we know that s = 3.924 gives the maximum capacity, we can find the
maximum capacity by subbing 3.924 for s in the formula for V. This gives:
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V = (20 – 2s)  (30 – 2s)  s
= (20 – 2 × 3.924)  (30 – 2 × 3.924)  3.924
= 1056
So we get a maximum capacity of 1056 cm3 when 3.92 cm squares are cut from the
corners.

Practice
Q36 A tray is to be made from a 25 cm by 40 cm rectangular metal sheet by
cutting a square from each corner, then folding up the sides.

Find the size of square that would give the greatest capacity and find the
greatest capacity.
Q37 V = 12c2 ‒ c3 – 30c + 50 (c > 0). Find the maximum value of V and the

corresponding value of c.

We will look at optimisation more in Module C6-13.

Turning Points and Curve Sketching
Horizontal points on a graph are called turning points. Turning points are one of three
types: they can be
a maximum

a minimum

or a point of horizontal inflection

Knowing the location of turning points can help tie down the graph when sketching it.
At a turning point, the derivative will always be zero. So, to locate the turning points
of a function, we differentiate the function, put the derivative equal to zero and solve.
This will give us the value of the independent variable. Then we sub that value into
the original function to get the value of the dependent variable.
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For instance, take the quadratic function
a = r2 – 4r – 6.

𝑑𝑎
𝑑𝑟

y

= 2r – 4.

The graph has a turning point when 2r – 4 = 0,
i.e. when r = 2.
The a-value there will be 22 – 4×2 – 6 = –8.
So the turning point will be at (2, –8).
We know that the a-intercept is –6 (because
when r = 0, a = –6).

x

(0, ‒6)
(2, ‒8)

With this information we can make a good job
of sketching the graph.
If a function has more than one turning point, then finding all of them will provide a
lot of information to tie down the graph.

Practice
Q38 For each of the following functions, find the turning point(s) and y-intercept
and use them to sketch the graph. [The turning point(s) and y-intercept are
given in the answers. Use a graphics calculator to check your sketch.]
(a) y = 40 + 30x – 5x2
(b) y = x2 + 10x – 2
(c) y = x3 ‒ 20x – 5
(d) y = ‒2x3 + 4x2 + x + 2
(e) y = x +

1
𝑥

(f) y = √𝑥 – x

We will look at techniques of curve sketching more fully in Module C6-13.

Solve
Q51

The curve of y = x3 – 3x has two tangents with gradient 1. What is the distance
between them?

Q52

A quadratic function passes through the point (5, 2) with gradient 4. It crosses
the x-axis to the left of that point with gradient −2. Find the formula of the
function.

Q53

Use optimisation to solve this. Two positive numbers add up to 10. What is the
lowest possible value for the sum of the square of one and the cube of the other?
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Q54

Find the coordinates of the turning point of y = x2 + bx.

Revise
Revision Set 1
Q61

A spherical balloon has a diameter of 30 cm. Use the increment method to find
how much air would need to be added to increase the diameter by 1 mm. [The
𝜋
volume of a sphere is 6 d3.]

Q62

A tangent is drawn to the curve y = x2 – 6x + 2 at x = 2 and a normal is drawn to
the same curve where the gradient of the curve is –8. Find the coordinates of the
point where these lines intersect.

Q63

Stacey is sitting an exam tomorrow morning. From the time she gets home
today, she has 15 hours until she has to go back to school. Her score on the
exam will be given be the formula is s = 56 + 6h – 0.6h2, where h is the number
of hours she studies.
How many hours study should she do to get the optimal (highest) score and
what will be her highest possible score?

Q64

Find the coordinates of the turning points of y =

4
𝑥

+ x.

Revision Set 2
Q71

The production cost in cents/litre, c, of fuel with an octane rating of r is given by
c = 15 + 0.3r + 0.2(r – 90)2 for 90 ≤ r ≤ 100. Use the increment method to find the
increase in cost to lift the octane rating from 95 to 95.1.

Q72

Find the equation of the normal to y = 2x2 which has a gradient of ¼.

Q73

If k = 11a2 ‒ ½a3 – 40a + 40 (c > 0), find the maximum value of k and the
corresponding value of a.

Q74

The graph of y = x2 + bx + 2 has its turning point at x = 3. Find its gradient
when x = ‒1.

Answers
Q1
Q2
Q3
Q4
Q5

9.05 L
5.03 m2
1256 mL
$2.40
tangent y = ‒4x ‒ 4; normal y = ¼x + 4½
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Q6

tangent y = 8x + 16; normal y = ‒1/8x – ¼

Q7
Q8
Q9
Q10
Q11
Q12
Q13
Q14

(2½, 0)
(‒4.8, 16)
(a) check with your calculator
21.2°
(−1, 1) and (3, 9)
y = 8x
y = 3x – 10
y = ‒½x + 1½

Q15

y=–

Q16
Q17
Q18
Q19
Q20
Q21
Q22
Q23
Q24
Q25
Q26
Q27
Q28
Q29
Q30
Q31
Q32
Q33
Q34
Q35
Q36
Q37
Q38

x-intercept 36, y-intercept 9
(½, –7)
5
–1
1¾
1/3
y = –3x – 9
y = 12x – 6
y = –¼x + 4½
y = 3x – 2, y = 3x + 2
y = –x + 4, y = –x – 4
(2.5, −3.75)
−75
b = −12, c = 12
y = 4x, y = −4x
(2, 0), (‒½, 1¼)
81/3 hours, 70.83 marks
150, $112.50
150L, $185
4 s after firing, 92 m
5 cm, 2250 mL
the maximum value of V is 87.4 when c = 6.45
(a) (‒0.3, ‒13.35), 40
(b) (5, 73), ‒2
(c) (6.67, 157.96), (‒6.67, ‒167.96), ‒5
(d) (‒1.45, 15.02), (0.12, 2.16), 2
(e) (1, 2), (‒1, ‒2), no y-intercept
(f) (¼, ¼), 0

Q51
Q52
Q53

3√2
y = 0.6x2 – 2x – 3
71.45

Q54

(− 2, − 4 )

Q61
Q62
Q63
Q64

141 mL
(−5.24, 8.47)
5 hours, 71 marks
(2, 4), (−2, −4)

Q71
Q72
Q73
Q74

0.232 cents/L
y = ¼x + 2¼
k = 282, a = 12.5
−8

𝑏
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