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Summary
Suppose we wish to calculate the change in displacement (s) of an object over a given
time interval from t = a to t = b, where the velocity, v, is a function of t.
We break the time interval down into infinitely short intervals, each of length dt. The
object moves v dt in each interval. The total change in displacement is the sum of all
𝑏

the vdts. This is written ∫𝑎 𝑣 𝑑𝑡 (pronounced ‘integral from a to b of vdt’).
This is the value of the anti-derivative of v at t = b minus the value of the
antiderivative of v at t = a. This applies to any function and its anti-derivative. So, in
𝑏

general ∫𝑎 𝑓(𝑥) 𝑑𝑥 = F(b) – F(a), where F(x) is the anti-derivative of f(x). This is the
fundamental theorem of calculus.

The area between the graph of a function, f(x), the x-axis and the vertical lines x = a
𝑏

and x = b is equal to ∫𝑎 𝑓(𝑥) 𝑑𝑥 . For parts where f(x) is negative, the algebraic area is
negative, but the physical area is taken to be positive. The area between two curves is
given by the area under the top one minus the area under the bottom one. Of course
we have to calculate areas a bit at a time if f(x) changes between positive and negative
or if curves cross.
The trapezoidal rule is a means of approximating the area under a curve and thus of
approximating an integral which cannot be found by anti-differentiation.
𝑏

∫𝑎 𝑓(𝑥) 𝑑𝑥 is called a definite integral because it has lower and upper bounds a and b.
∫ 𝑓(𝑥) 𝑑𝑥 is a notation for the anti-derivative of f(x) and is called an indefinite integral.
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Learn
Definite Integrals
We have learnt how to find the velocity formula from a displacement formula by
differentiation.
There are two techniques for going the other way – finding displacement from velocity.
One is writing and solving a differential equation and we learnt how to do that in
the last module. The other is integration and we will learn this technique in this
module.
Both techniques involve anti-differentiating, but the two approaches look quite
different. Any problem which is solvable by one technique will generally be solvable by
the other, but some problems are more suited to the differential equation approach
and others are more suited to the integration approach. It is important to be familiar
and competent with both techniques.
Below is an explanation of the technique of integration. It is quite concept-dense, so
you will probably need to read through it slowly, making sure that each step makes
sense, then read through it once or twice more to understand it properly.

After that, there are five examples of its use, each one followed by some practice
questions similar to the example. By the time you’ve worked through those, you should
be quite competent and comfortable with integration and quite able to use it in any
appropriate situation. Note that the nominal time for this module is 14 hours, so
expect the work to take some time. You will probably work on it over several days.
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Explanation of the Integration Technique
A rocket is launched vertically. We are told that its velocity, v m/s,
at any time, t seconds after launch is given by v = 10t + 3t2. We are
interested in its height, h.
The differential equation approach is geared towards using the
formula for v to get the formula for h. If we have a boundary
condition, like h(0) = 0, then we can get a particular solution which
will allow us to calculate the height at any time.
The integration approach is geared more directly to finding the
change in height between two given times. We will use it to find the
increase in h between t = 3 and t = 5.
The graph of v against t looks something like the blue curve below.
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Distance travelled is equal to the velocity multiplied by the time. At t = 3, the velocity
of the rocket is 10 × 3 + 3 × 32 = 57 m/s. We could get a rough estimate of the change in
height between t = 3 and t = 5 by assuming that it continued at this speed until t = 5.
The distance travelled (change in height) would then be 57 × 2 = 114 m.
Let’s call the time interval from t = 3 to t = 5 dt and let’s call the velocity at t = 3 v(3).
Then the calculated change in height would be v(3) × dt or v(3) dt. This would be the
same as the area of the coloured rectangle on the graph above.
Clearly this would be an underestimate because the velocity was actually greater than
57 m/s at all but the very start of the period dt. By the end of the period, it would be
125 m/s.
We could get a better estimate by making dt just 1 second and calculating the increase
in h from t = 3 to t = 4 and again from t = 4 to t = 5 and adding them. v(3) dt would be
57 × 1 = 57 and v(4) dt would be 88 × 1 = 88. So the total increase would be 57 + 88 =
145 m.
This could be represented by the two coloured rectangles on the next graph.
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We could increase the accuracy of our calculation even further by making dt shorter
still, say ½ second. The calculated change in height would then be v(3) × ½ + v(3.5) ×
½ + v(4) × ½ + v(4.5) × ½ which comes to 161.25 m. The graph will then look like this:
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You will remember that we did something like this when we were finding rates of
change algebraically. We made dt shorter and shorter, then took the limit as dt  0
and this gave us the exact answer. The same thing will happen here. The shorter we
make dt, the closer the calculated change in height will be to the actual change in
height and, in the limit as dt  0, we will get the exact answer.
We are finding the sum of all the vdts from t = 3 to t = 5. We can write this as ∑𝑡=5
𝑡=2 𝑣𝑑𝑡

Σ is a Greek upper-case S and is pronounced sigma. It means ‘the sum of’. So ∑𝑡=5
𝑡=2 𝑣𝑑𝑡
means the sum of all the vdts from t = 2 to t = 5.
When the dts are infinitely short, we traditionally use an Old German S rather than a
5
Greek S for the sum. So we write lim ∑𝑡=5
𝑡=2 𝑣𝑑𝑡 as ∫2 𝑣 𝑑𝑡.
𝑑𝑡→0

5

∫2 𝑣 𝑑𝑡 is pronounced ‘the integral from 2 to 5 of v dt’. 2 and 5 are called the limits of
integration.
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5

We have shown that the change in height between t = 3 and t = 5 is ∫2 𝑣 𝑑𝑡, but we
haven’t shown how to work it out
Now, here’s the crucial thing.
We know that the change in height between t = 3 and t = 5 is h(5) – h(3).
AND
We know that, because v is the derivative of h, h is the anti-derivative of v
5

So, ∫2 𝑣 𝑑𝑡 = h(5) – h(3), the value of the anti-derivative of v at t = 5 minus its value at
t = 3.

We have used an example where we know the relation between velocity and time and
we need to find the change in height, the anti-derivative of velocity, in a given time
interval. But this result will hold for any relation. So, in general:

𝒃

∫𝒂 𝒇(𝒙) 𝒅𝒙 = F(b) – F(a), where F(x) is the anti-derivative of f(x)
This is the fundamental theorem of calculus.

This result is the main application of calculus and is one of the main reasons Isaac
Newton developed calculus in the first place.

The theorem can be used to solve many problems which cannot be solved without
calculus. As such it is possibly the most important thing you will learn in senior
maths.

Using this theorem, we can now work out the exact change in height of the rocket
between t = 3 and t = 5.
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5

It is ∫2 𝑣 𝑑𝑡 = h(5) – h(3)
h is the anti-derivative of v. As v = 10t + 3t2, h = 5t2 + t3.
h(5) is 5 × 52 + 53 = 250,

h(3) = 5 × 32 + 33 = 72, h(5) – h(3) = 250 – 72 = 178.

You might think we’ve done something quite simple here, but done it in a very
complicated way. You would be right. But, in other situations, the simple way won’t be
so obvious or simple and we will need to use the fundamental theorem. This will make
sense once you have read the examples and done the exercises on the next few pages.
The normal working for this problem would be:
The change in h in any infinitely short period dt is vdt
The change in h between t = 3 and t = 5
5

= ∫3 𝑣 𝑑𝑡
5

= ∫3 (10𝑡 + 3𝑡 2 )𝑑𝑡
= [5𝑡 2 + 𝑡 3 ]53
2

3

3

= [5 × 5 + 5 ] – [5 × 3 + 3 ]
= 250 – 72
= 178 m.
Note that we write the anti-derivative in square brackets with the limits of integration
on the right side. This is a convention, but it also reminds us that we have done the
anti-differentiation.
This is a standard layout for integration problems. Read through it to make sure you
understand what is happening at each step. Then use it in answering the questions
below. These are similar to the rocket calculation we have done above.

Practice
Q1

The vertical velocity of a rocket is given by v = 4t. Find the change in height
between t = 1 and t = 5.

Q2

The velocity of a cannon ball fired vertically upwards is given by v = 30 – 5t.
Find the change displacement between t = 0 and t = 4.

Q3

The velocity of a rocket rising vertically is given by v = 3t2 + 2t. Find the
height gained between t = 2 and t = 5.
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Q4

The velocity of an accelerating car is given by v = 5 × 1.4t. Find how far it
travels between t = 0 and t = 8.

Q5

The velocity of a weight moving up and down on the end of a spring is given
by v = 3sin 0.2t. Find the change in height between t = 0 and t = 4.

Q6

The velocity of weight moving up and down on the end of a spring is given
by v = 2cos 2t. Find the total displacement between t = 0 and t = 𝜋.

Example 1 – Mass
For the first 20 days of its life, a baby whale increases its mass at a rate given by
5 + t – 0.03t2 kg/day where t is the number of days since it was born. How much does
its mass increase in its first 10 days?

The increase in mass in any infinitely short interval dt is (5 + t – 0.03t2) dt
The total increase between t = 0 and t = 10 is
10

∫0 (5 + 𝑡 – 0.03𝑡 2 ) 𝑑𝑡
1

10

1

= [5𝑡 + 2 𝑡 2 – 3 × 0.03𝑡 3 ]

0

2

= [5 × 10 + ½ × 10 – 1/3 × 0.03 × 103] – [5 × 0 + ½ × 02 – 1/3 × 0.03 × 03]
= 90 – 0 = 90 kg

Practice
Q7

Arthur the walrus was putting on weight at the rate of 10 − √𝑥 kg/day x
days after he was born. How much weight did he put on between the ages of
4 days and 16 days?

Q8

The gradient of a road a horizontal distance, x metres, from the pub at the
3
bottom of the hill is given by g = 0.04 √𝑥 . Find the change in height if you
walk from the pub to the look-out 3 km along the road.
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Q9

When Greg started his new job, he earnt $85 000 per year. His rate of pay
rose continuously (rose each day rather than in yearly jumps) by $4000 per
year from then on. How much did he earn altogether in his first 6 years in
the job?

Q10 A pump is pumping water. When it starts, it pumps at 200 L/min. But as
time goes on, it loses efficiency, so that its pump rate is (200 – 0.3t2) L/min
until it eventually stops. (t is the number of minutes since it was started.)
How much water will it pump between t = 20 and when it stops?
Q11

A ball is thrown upwards from ground level at 30 m/s. Gravity causes it to
decelerate by 9.8 m/s/s, so the upward velocity, v, in m/s, is given by v = 30 –
9.8t, where t is the time in seconds since it was thrown. Use integration to
(a) find the height of the ball 2 seconds after being thrown.
(b) find the change in height between t = 2 and t = 4.
(c) Comment on your answer to (b).

Example 2 – Volume
Without using the formula for the volume of a pyramid,
we wish to find the volume of a square-based pyramid
with base 5 cm by 5 cm and height 10 cm.
a

Imagine that we build the pyramid from the top down by
adding infinitely thin square layers.

10

One such layer is shown in grey a distance a from the apex.
𝑎 2

𝑎2

2

4

Its area is ( ) =
5
5

so its volume is

𝑎2
4

; its thickness is da;

da.

The total volume of all the layers from a = 0 to a = 10 is
10 𝑎2
∫0 4

𝑎3

10

𝑑𝑎 = [12]

0

=

1000
12

−

0
12

= 83.3 cm3.

Practice
Q12 A square-based pyramid has base 2 m by 2 m and height 6 m. By dividing it
into infinitely thin horizontal slices of thickness dh, find its volume.
Q13 Use the same technique to show that the volume of a square-based pyramid
with base s by s and height h is 1/3 s2h.
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Q14 Use the same technique to find the volume of a cone with base radius 12 cm
and height 15 cm.
Q15 This horn is straight and circular and 1.2 m long.

Its internal radius at any distance, x, from the small end is given by the
formula r = 0.01 + 0.2x2, where r and x are in metres. What volume of air
does it contain?
Q16 A volcano is 400 m tall and round, but its diameter at
any height h above the surrounding land is given by
d = 0.002 × (400-h)2. Find its volume.
Q17 A buoy is made from a hollow steel sphere. Its
internal diameter is 40 cm. The buoy has been
floating in the water for several years and has leaked
so that there is now water inside it. The depth of the
water at the centre is 10 cm. How many litres of
water does it contain?

10 cm

Q18 The curve y = x2 between x = 1 and x = 3 is rotated
around the x-axis to make a horn shape. Find the volume of air inside the
horn.
y

x

Example 3 – Area of a Circle
. Thus, if r is the
radius and c is the circumference, c

r.

To find the area of a circle with radius 10 cm, we can divide it into sectors as in the
diagram to the left below. Each sector has radius 10 and arc length da.
But if the sectors are infinitely thin, they will be triangles as in
the diagram to the right and we can calculate the area of a
triangle as ½ base × height, in this case ½ × 10 × da.
To get the area of the whole circle, we add all the sectors from
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a = 0 to a = 20 (the circumference of the circle).
20𝜋

So, Area = ∫0

20𝜋

(½ × 10) 𝑑𝑎 = ∫0

5 𝑑𝑎 = [5𝑎]20𝜋
= 10
0

– 0 = 100

Practice
Q19 Use the method above to find the area of a circle with radius 2 m.
Q20 Use the same method to show that the area of a circle with radius r

r2.

Q21 A circle can be thought of as being made up of a series of
rings as in the diagram to the right. Assuming that it is
made of infinitely thin rings with radius r (and therefore
r ) and thickness dr, find the area of a
circle with radius 6 cm.
Q22 Use the same method as in the last question to show that
the area of a circle with radius r
r2. [Note, it is worth keeping the name
r for the total radius of the circle and using something else like a for the
radius of each ring and da for its thickness.]
Q23 The surface area of a sphere is r2. Use this to find a formula for the
volume of a sphere by considering it to be made up of a series of shells (like
layers of an onion) each of radius a and thickness da.

Example 4 – Energy Required to Stretch a Spring
The energy (in Joules) required to move something is the product of the force needed
to move it (in Newtons) and the distance it moves (in metres).
Suppose we have an unstressed spring and we wish to extend it by 0.2 m. By Hooke’s
Law, the force needed to stretch the spring (the tension) is proportional to the extension.

Let’s say that our spring requires a force of 40 Newtons when stretched 0.2 m.
If we call the extension in metres from its natural length x, then the force, F, required
to keep stretching it in Newtons, is given by the formula F = 40 Newtons × x ÷ 0.2 m =
200x N. Make sure you can see how we get that.
Each infinitely small amount dx that we stretch requires 200xdx Joules.
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0.2

2
To stretch it from 0 to 0.2 m requires ∫0 200𝑥𝑑𝑥 = [100𝑥 2 ]0.2
0 = 100 ×0.2 – 0 = 4 J

Practice
Q24 A spring has a tension of 500 N for each metre of extension. Find the energy
needed to stretch it 40 cm from the unstretched length.
Q25 A spring is 4 m long when unstretched. It has a tension of 80 N per metre of
extension when stretched. Find the energy needed to extend it from a length
of 4.5 m to a length of 4.8 m.
Q26 A spring, which is not perfectly elastic and so doesn’t obey Hooke’s Law, has
a tension in Newtons given by T = 20x0.8 when stretched for the first time,
where x is the extension in metres. Find the energy required to stretch it 50
cm from its natural length.
Q27 The energy required to lift a mass, m kg, a height h m in Earth’s gravity, g
(9.8 m/s/s at the Earth’s surface) is given by E = mgh. So to lift a 5 kg mass
3 m at the Earth’s surface requires 5 × 9.8 × 3 = 147 Joules. According to
Newton’s Law of Gravitation, the Earth’s gravity is inversely proportional
to the square of the distance from the centre. As the Earth has a radius of
6.37 × 106 m, g at a distance of r metres from the centre is equal to
9.8 ×

(6.37 ×106 )2
𝑟2

.

(a) Find the energy required to raise a 100 kg rocket from the Earth’s
surface to 5000 km above the Earth’s surface.
(b) Find the energy required for it to escape the Earth’s gravitational field,
i.e. to get an infinite distance from the Earth.
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Example 5 – Moment
Moment means ‘turning force’. When a person
sits on the right-hand side of a seesaw, they
apply a clockwise moment to the plank about
the pivot.
If someone else sits on the left-hand size,
they will produce an anticlockwise moment
which might balance the clockwise moment
As you would be aware, a smaller person has to sit further from the pivot in order to
balance a larger person sitting closer to it. This is because the moment is equal to the
gravitational force on the person (mg) multiplied by the horizontal displacement of the
person from the pivot.

M = mgr, where M is the moment in Nm, m the mass in kg, g is the gravitational
acceleration in m/s/s and r is the horizontal displacement from the pivot.
So, a 30 kg child (experiencing a gravitational force of 294 N) 2 m to the right of the
pivot will produce a clockwise moment of 588 Nm.
If several children sit on the same side of the seesaw, the total moment is the sum of
the moments of each child. Likewise, the total moment of any object is the sum of the
moments of its parts.
Let us find the moment of a 10 kg log, 2 m long,
lying on one side of a pivot with its end over the
pivot, like this:
We cannot just multiply mg by r, because r is different for different parts of the log. We
have to use calculus. We divide the log into infinitely short lengths, each r from the
pivot, dr metres long and therefore with mass 5dr kg and experiencing gravitational
force 49dr N. Each short length produces a moment of 49rdr Nm.
2

The total moment will be ∫0 49𝑟 𝑑𝑟 = [24.5𝑟 2 ]20 = 24.5 × 22 – 24.5 × 02 = 98 Nm.
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Practice
Q28 A 20 kg log 5 m long is pivoted at one end. Find the moment about the pivot.
Q29 A 40 kg log 6 m long is placed on a pivot 2 m from one end and 4 m from the
other end. Find the net moment about the pivot. [Hint: you can find the
clockwise and anti-clockwise moments and subtract, but you can also just
integrate with limits −2 to 4.]
Q30 An isosceles triangular slab of metal has base 0.1 m, height 0.2 m and is
0.01 m thick. Its density is 7.5 kg/L. It is pivoted about its apex, left to hang,
then rotated 90°.

Find the moment about the pivot.
[Note you can slice it into vertical strips of width dr. The fact that the top of
the strip is further from the pivot than the middle of the strip doesn’t
matter, because r is the horizontal displacement: vertical displacement
makes no difference.]
Q31 The moment of inertia of a spinning body is a measure of its tendency to
keep spinning when a force acts to stop it. It is analogous to the inertia of a
moving body which is a measure of its tendency to keep moving when a
force acts to stop it.
The moment of inertia, I, of a mass m kg a distance r metres from the axis
of rotation is mr2 kg m2. The total moment of inertia of a spinning body is
the sum of the moments of inertia of its component parts.
Find the moment of inertia of a thin rod of length 0.5 m and mass 0.1 kg
rotating about one end.
Q32 A flywheel is a device designed to have a high moment of inertia to prevent
sudden changed in rotational velocity of an axle.

Find the moment of inertia of a flywheel which is a disk with radius 30 cm,
thickness 5 cm and density 6000 kg/m3, about an axle through its centre.
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Areas Under and Between Curves
Areas Under Curves
Integration can be used to find the area between the graph of a function and the x-axis
or between two graphs. This is not a terribly useful thing to do, but it is a favourite of
many teachers, text book authors and exam writers and in fact is often used as the
main application of integration. So it’s probably worth knowing about.
Let’s suppose we wanted to know the area between the
curve y = x2, the x-axis, the line x = 1 and the line x = 4
(the blue area in the diagram to the right).
This area can be broken up into a series of vertical strips
of width dx as shown in the next diagram to the right.

y=x2

y

1

4

x
y=x2

y

The area of each strip is the height multiplied by the
width, i.e. y dx.
If we make the strips infinitely thin, then the total area is
4

4

𝑥3

4

43

1

3

∫1 𝑦 𝑑𝑥 = ∫1 𝑥 2 𝑑𝑥 = [ 3 ] =

–

13
3

1

4

x

= 21

So the area is 21 square units. [A square unit is a square 1 unit in each direction on
the graph.]
This should seem quite easy after the problems you’ve been solving.
The area between the x-axis and the graph of any function y = f(x) between
𝑏

x-coordinates, a and b, is given by ∫𝑎 𝑓(𝑥) 𝑑𝑥.

Practice
Q33 Find the area between the graph of y = x2, the x-axis and the lines x = –2
and x = 5.
Q34 Find the area between the graph of y = x3 + 3x, the x-axis and the lines x = 0
and x = 4.
Q35 Find the area between the graph of y = 1/x, the x-axis and the lines x = 2
and x = 8.
Q36 Find the area between the graph of y = 4 – x, the x-axis and the lines x = 4
and x = 6.
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You should have noticed that the last question gives a negative value for the area.
This is because all the y-values are negative and the area is below the x-axis and
therefore above the graph.
y

x

We talk about the algebraic area under a curve, which is what integration gives us. It
will be positive if the graph is above the x-axis or negative if it’s below the x-axis. We
also talk about the physical area ‘under’ a curve, which is the geometric area of the
blue shape. It is always positive. The physical area is the absolute value of the
algebraic area.
In this last question, the algebraic area was ‒8; the physical area is 8.
Now suppose we integrated to find the area between the x-axis and the line y = 4 – x
from x = 0 to x = 8. We would get
8

Area = ∫0 4 − 𝑥 𝑑𝑥 = [4𝑥 −

𝑥2

8

82

0

2

] = [4 × 8 −
2

]–[4×0−

02
2

]=0

The algebraic area from x = 0 to x = 4 is 8, the algebraic area from x = 4 to x = 8 is –8.
Adding these together makes 0.
So, if we need to find the physical area between a graph and the x-axis between x = a
and x = b, and the graph crosses the x-axis between a and b, we have to find out the xcoordinates where it crosses the x-axis (by solving y = 0), then calculate the physical
area between the limits and each crossing separately, then add them together.
For example the graph of y = sin x is shown below.

To find the physical area between x = 0 and x = 3𝜋 (the blue area), we have to find the
areas from 0 to 𝜋, from 𝜋 to 2𝜋 and from 2𝜋 to 3𝜋 separately, then add them.
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Practice
Q37 Find the algebraic area and the physical areas between the graph of
y = x2 – 4, the x-axis and the lines x = 0 and x = 3.
Q38 Find the algebraic area and the physical areas between the graph of
y = x3 – 9x, the x-axis and the lines x = –5 and x = 4.
Q39 Find the physical area between the graph of y = ex – 2 , the x-axis and the
lines x = 0 and x = 1.

Areas Between Curves
Consider the graphs of y = x2 + 1 and y = sin x. They are shown plotted together below.

The physical area between the curves from x = 0 to x = 1 is shown in blue. It should be
fairly easy to see that this is the area below the top curve minus the area below the
bottom curve.
This will always be the case, even if one or both of the curves go below the x-axis. Try
to work out why this is the case – think about subtracting negative areas.
It won’t apply, though, if the curves cross each other. In that case, there won’t be a
definite top curve and bottom curve. So, if they cross, we have to work out the areas
between each crossing point (intersection), then add them all.
For example, the graph below is of y = sin x and y = cos x.

The physical area between the curves from x = 0 to x = 2𝜋 is shaded. To evaluate this,
we have to find each of the three blue areas separately, then add them. To find the
x-coordinates at the intersections, we equate the two functions: sin x = cos x and solve.
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Sometimes, two graphs will cross in two places giving a single finite area cut off
between them, as in this diagram.

To find the cut-off area (the blue area in the diagram), we have to find the x-values of
the two intersections by solving the equation produced by equating the two functions.
Then we integrate both functions over that interval and find the difference. (Take the
absolute value if negative.)
To find the algebraic area between two curves, you have to decide which is the top one,
then just integrate them both over the whole interval and subtract the algebraic area
under the bottom curve from the algebraic area under the top curve.

Practice
Q40 Find the physical area between the graph of y = sin x and y = cos x between
x = 0 and x = 𝜋.
Q41 Find the area cut off between the graphs of y = x2 – 2x and y = 4 – x2.
Q42 Find the algebraic area between the graphs of y = 2 sin x and y = cos x,
between x = 0 and x = 𝜋, taking y = cos x as the top graph.

Trapezoidal Rule
Not all functions can be anti-differentiated easily. Some can’t be anti-differentiated at
all. In such cases, it is possible to approximate the definite integral between given xvalues by approximating the area under the curve. We can do this using the
trapezoidal rule.
Suppose we wanted to find



3

1

2x
dx. This is hard to find algebraically, but it can be
x

approximated using the trapezoidal rule.
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As an area under the curve, the integral looks like the graph on the left below. The
area can be divided into 8 strips as in the graph on the right.
4

4

3

3

2

2

1

1

0

0
0

1

2

3

4

0

1

2

3

4

We then assume that the top of each strip is a straight line, making each strip a
trapezium. [The American for trapezium is trapezoid, hence the name of the rule.]
We then find the area of each trapezium, which is the sum of the left and right sides,
divided by 2, then multiplied by the width of the strip. We then add the areas
together.

a

b

Area =

𝑎+𝑏
2

×w

w

As the outside strip sides are counted just once and all the others are counted twice,
the area can be obtained by adding all the strip heights with all but the outside two
doubled, then dividing by 2 and multiplying by the strip width.
The length of each vertical line can be obtained by finding the value of the function at
that x-value. The calculation can be done with a table like this.
x

1

1.25

1.5

1.75

2

2.25

2.5

2.75

3

y

2

1.90

1.89

1.92

2

2.11

2.26

2.45

2.67

Multiplier

1

2

2

2

2

2

2

2

1

Product

2

3.80

3.78

3.84

4

4.22

4.52

4.9

2.67

Then we add the products to get 33.72.
Then we divide by 2 and multiply by the width of the strips, i.e. 0.25.
33.72 ÷ 2  0.25 = 4.21
So



3

1

2x
dx  4.21
x
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Practice
Q43 Use the trapezoidal rule to approximate the following definite integrals. Use
5 strips for each.
(a)



4

2

x dx

(b)

t
3

2

2

dt

5

(c) ∫0 𝑥 sin 𝑥 𝑑𝑥

Q44 Find the integral of x4 from x = 1 to x = 2 using calculus and using the
trapezoidal rule. (Use just 4 strips.) Find the error in the trapezoidal rule
result.

Indefinite Integrals
Because integration involves finding the anti-derivative of a function, we sometimes
denote the anti-derivative of a function as an indefinite integral, i.e. one without any
limits of integration. For example, the anti-derivative of 4t can be written as ∫ 4𝑡 𝑑𝑡,
pronounced ‘the integral of 4t dt’. ∫ 4𝑡 𝑑𝑡 = 2t2 + c. The c has to be included because we
are not cancelling out by using limits.
Integrals without limits are called ‘indefinite integrals to distinguish them from
integrals with limits which are called ‘definite integrals’.

Practice
Q45 Find the following indefinite integrals. Don’t forget the + c.
(a) ∫ 3𝑡 2 𝑑𝑡

(b) ∫ 4𝑡 𝑑𝑡

(c) ∫ 5 𝑑𝑡

(d) ∫(6𝑡 2 + 𝑡) 𝑑𝑡

(e) ∫(4 − 𝑥 2 ) 𝑑𝑥

(f) ∫ 𝑥 −2 𝑑𝑥

(h) ∫ √𝑡 𝑑𝑡

(i) ∫ 𝑡 𝑡 𝑑𝑡
√

4

(g) ∫ 𝑎3 𝑑𝑎

5

(j) ∫ 𝑑𝑡
Note that ∫ 𝑑𝑡 can be thought of as ∫ 1 𝑑𝑡 because 1 × dt = dt.
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Solve
Q51

A 50 g toy rocket is propelled by a compressed spring. The spring is naturally 20
cm long and the force it can apply when shortened is equal to 2 N/cm. When
loaded, it is shortened to 12 cm.
(a) Assuming all the energy taken to compress the spring is transferred to the
rocket, with what energy will the rocket leave the launcher?
(b) The kinetic energy of a moving object is given by E = ½mv2, where m is the
mass in kilograms and v the speed in m/s. At what speed will the rocket
leave the launcher?

Q52

A gold wedding ring is made in the shape of a sphere of diameter 20 mm with a
cylindrical hole of diameter 16 mm cut through the middle. If the density of the
gold is 19 g/cm3, find the mass of the ring.

16 mm
20 mm

Q53

A cylinder of wood is made with diameter 5 cm and height 5 cm. An indentation
is then cut in the top. The indentation is 4 cm across and 4 cm deep. A cross
section of the indentation taken in any direction through the axis of the cylinder
is parabolic, the shape of the graph of y = ax2. Show that the volume of wood
remaining is about 73 cm3.

Q54

A trough has a parabolic cross section (the shape of a quadratic curve). It is 40
cm deep, 50 cm wide at the top and 1.2 m long.
(a) How many litres of water will it hold?
(b) What will be the depth of water when it holds 100 L?

Q55

A cylindrical silo of diameter 10 m is standing in the
middle of a grassy field. A goat is tethered to the silo by a
rope which is just long enough to let the goat reach the
whole circumference of the silo. The patch of grass it can
eat is shaped as shown.
Show that the edible area is

Q56

125 𝜋3
6

Silo

Edible
area

m2.

The cone of a loud hailer is produced by rotating the graph of y = ½x around the
x-axis and taking the part from x = 6 to x = 30. If measurements are in
centimetres, show by integration that the area of cardboard used is 216√5 cm2.
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Revise
Revision Set 1
Q61

Find
(a) ∫(3𝑥 2 + 𝑥) 𝑑𝑥
5

(d) ∫−5 𝑎2 𝑑𝑎

−8

6

(b) ∫ 𝑟 3 𝑑𝑟

(c) ∫ 3 𝑑𝑡
𝑡
√

7

∞ 4

(e) ∫2 𝑑𝑡

(f) ∫1

𝑛2

𝑑𝑛

Q62

The area of the curved surface of a cylinder is given by A
rh, where A is the
area, r the radius and h the height of the cylinder. By considering adding a thin
layer to the curved surface, show that the formula for the volume of the cylinder
is V
r2h.

Q63

Water is trickling through a dam wall. The flow is gradually increasing the size
of the hole such that the rate of flow in L/min t minutes after the leak started is
0.06t2. How much water escapes in the first 2 hours?

Q64

The moment (or turning force) in Newton metres (Nm) of a small object about
an axis is equal to mgr, where m is its mass in kg, g is the acceleration due to
gravity, 9.8 m/s2, and r is the horizontal displacement of the object from the axis
in metres. The moment of an extended object can be determined by dividing it
into small objects and adding the moments of each.
A uniform metal rod 2 m long and weighing 20 kg is horizontal and attached via
a hinge to a horizontal axis at one end. Show by integration that the moment of
the rod about the hinge is 196 Nm.

Q65

Find the energy needed for a 50 kg object lying on the Earth’s surface, to escape
the Earth’s gravitational field. Assume that the gravitational force on each
kilogram on the Earth’s surface is 9.8 N/kg, that the force is inversely
proportional to the square of the distance from the centre of the Earth, and that
the Earth’s radius is 6370 km.

Q66

Find the physical area between the graph of y = 1/x – 1 and the x-axis between
x = ½ and x = 2.

Q67

Find the physical area cut off between y = x + 2 and y = x2.

Q68

Use the trapezoidal rule to approximate ∫0 𝑥2𝑥 𝑑𝑥 using 8 strips.
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Answers
Q1 48 m

Q2 80 m upwards

Q7 82.67 kg

Q8 1298 m

Q3 138 m

Q9 $582 000

Q4 23.15 m

Q5 204 m

Q6 0 m

Q10 843 L

Q11 (a) 40.4 m (b) 1.2 m
(c) At t = 2, it is on the way up; at t = 4 it is at nearly the same height on the way down.
Q12 8 m3

Q14 2262 cm3

Q15 0.02233 m3

Q16 32 169 908 m3

Q17 5.236 L

Q18 82/3
Q19 12.56 m2

Q21 113 cm2

Q23 V = 4/3 r3

Q24 40 Joules

Q25 15.6 J

Q26 3.19J

Q28 490 Nm

Q29 392 Nm

Q33 441/3

Q34 88

Q30 0.98 Nm

Q35 1.39

Q37 Algebraic ‒3, physical 72/3
Q40 2√2

Q41 9

(a) 6

Q44

Calculus: 6.1667

Q46

(a) t3 + c
(d) 2t3 + ½ t2 + c
−2
𝑎2

Q31 0.00833 kg m2

(b) 6.24 × 109 J
Q32 5.09 kg m2

Q36 ‒2

Q38 Algebraic ‒51¾, physical 159¾

Q39 0.491

Q42 ‒4

Q43

(g)

9

Q27 (a) 2.745 × 10 J

(b) 6.34

(c) ‒2.34

Trapezoidal: 6.3457 (error: 0.179)

+c

(b) 2t2 + c
(e) 4x – 1/3x3 + c

(c) 5t + c
(f) −x−1 + c

(h)

(i)

2/ t 𝑡
3 √

+c

−10
√𝑡

+c

(j) 𝑡 + c
Q51 (a) 0.64 J
Q61

(b) 5.06 m/s

Q52 17 g

(a) x3 + ½x2 + c

(b)

(d) 83.3
Q63

34 560 L
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Q54 (a) 160 L

+c

(c)

(e) 5
9

Q65 3.12 ×10 Joules

(b) 29.24 cm

3

9√𝑡 2 + c

(f) 4
Q66 –2.88
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Q67 4½

Q68 62.3
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