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Summary
The log of a number can be thought of as the power to which the base has to be raised
to make that number.
Taking logs and exponentiating in the same base are inverse operations. Equations
with the unknown as an exponent can be solved by taking logs; and equations with the
logarithm of the unknown can be solved by exponentiating.
Expressions containing logs can be written in alternative ways using the log laws. The
log laws are:
loga

1
n

=

–loga n

loga (mn) =

loga m + loga n

loga (mn) =

loga m – loga n

loga mn

=

nloga m

loga n

=

log b n
log b a

When dealing with variable quantities that can range over many orders of magnitude,
it can be useful to use the log of the quantity. A logarithmic scale for the wide-ranging
variable can make a graph more meaningful.
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Learn
Logs as Powers
In module A5-4 (Exponential Functions and Logs), we saw that taking logs and
exponentiating are inverse operations which undo each other.
taking logs base 3

23 = 8

3 = log2 8.
exponentiating base 3

From the left side above, we can see that the power to which we have to raise 2 to
make 8 is 3. From the right side above we can see that log2 8 is 3. So log2 8 is the
power to which we have to raise 2 to make 8.
In general, the log of a number is the power to which we have to raise the base to get
that number.
loga N is the power to which we have to raise a to make N.
This is a second way of looking at logs. In a sense, it is the more basic way. Make sure
that makes sense, then do the following exercise to get this idea firmly planted in your
head.

Practice
Q1

Q2

Evaluate the following using the power idea, without using a calculator.
(You might want to revise the index laws first.)
(a) log10 100
(b) log10 1000 000
(c) log10 0.1
(d) log10 0.001

(e) log10 10

(f) log10 1

(g) log2 8

(h) log2 64

(i) log2 ½

(j) log3 9

(k) log3 1

(l) log3 1/9

(m) log5 25

(n) log4 64

(o) log6 216

(p) log1.5 2.25

(q) log9 9

(r) log9 3

(s) log4 2

(t) log8 2

(u) log8 1/8

(v) log8 ½

(w) log16 ½

(x) log16 2

Evaluate the following without using a calculator.
(a) log10

(b) log10 10 10

(c) log4 8

(d) log27 9

(e) log4

(f) log5 125

(g) log2

(h) log6 67
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(j) log0.5 0.25

(k) log0.5 8

(l) log0.25 8

Logarithmic functions

y = log1.2 x

The general form of the logarithmic
function is y = loga x. There is only

5
4

one parameter, the base, a.

y = log2 x

3
2

If we sketch the graph of
y = log0.5 x, y = log1.2 x, y = log2 x

y = log10 x

1

and log10 x, we get this:

–4 –3 –2

–1
–1

Note that all the curves have an
asymptote at x = 0. In other words,
they approach ∞ or ‒∞ as x
approaches 0.
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y = log0.5 x

–4
–5

Sketching the graph of y = loga x
If we need to sketch the graph of y = loga x, we use four reference points:


loga 1 = 0, so the graph passes through (1, 0)



loga a = 1, so the graph passes through (a, 1)



loga 1/a = ‒1, so the graph passes through (1/a, ‒1)



there is an asymptote at x = 0.

For instance, to graph y = log4 x, we would plot the points (1, 0), (4, 1) and (¼, ‒1) like
this
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Then we would draw an appropriately shaped curve through these points with an
asymptote at x = 0, like this:
5
4
3
2
1
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Other points like (a3, 3) can be used as well if necessary.
Note that the domain of y = loga x is x > 0 and the range is the real numbers. We do
not define logs with zero or negative bases or base 1. We can define them with bases
between 0 and 1, but we don’t use them often.

Practice
Q3

Sketch the following functions. Include scales on the axes and mark
asymptotes with dotted lines. For each, use a graphing calculator to check
that you were roughly right.
(a) y = log10 x
(b) y = log4 x
(c) y = log0.1 x
(d) y = log1.1 x

(e) y = log100 x

(f) y = log1.8 x

Sketching transformations of y = loga x
Module A5-10 explains how changes to the formula for a function affect the graph of
the function, translating it up, down, left or right and dilating it vertically or
horizontally. To recap:
 y = log10 x + 2 is the same as the graph of y = log10 x, but translated 2 units
upwards;
 y = log10 (x + 2) is the same as the graph of y = log10 x, but translated 2 units to the
left;
 y = 2 log10 x is the same as the graph of y = log10 x, but dilated vertically by a factor
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of 2 (so every point is twice as far from the x-axis);
 y = ‒2 log10 x is the same as the graph of y = log10 x, but dilated vertically by a factor
of ‒2 (so every point is twice as far from the x-axis and on the opposite side);
 y = log10 2x is the same as the graph of y = log10 x, but dilated horizontally by a
factor of ½ (so every point is half the distance from the y-axis).
If you’re a bit hazy on this, go back and refresh your memory.
The best way to graph a transformed
logarithmic function, say y =
log10 x ‒ 2 is to graph the

5
4
3

untransformed log function (in this
case y = log10 x), then redraw the four

2
1

reference points in their new position,
then draw the new curve through the
new points.
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Maybe draw the initial function
lightly in pencil, then the final
function boldly so it is clear which is
the required graph.
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If more than one transformation is involved, draw the untransformed function, then
the result after the first transformation, then the result after the second
transformation and so on.
So, to graph y = ‒2 log4 (x ‒ 3), we would plot y = log4 x, then the transformation to
y = log4 (x ‒ 3), then the transformation to y = ‒2 log4 (x ‒ 2), like this:
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Practice
Q4

Sketch the following functions. Include scales on the axes and mark
asymptotes with dotted lines. For each, use a graphing calculator to check
that you were roughly right.
(a) y = log10 x + 1
(b) y = log2 x ‒ 3
(c) y = 5 + log0.5 x
(d) y = log2 (x + 3)

(e) y = ‒log10 (x – 2)

(g) y = log100 (x + 1) – 2 (h) y = 2 log10 (4x – 3)

(f) y = log4 (x – 4)
(i) y = ‒½ log10 (½x + 2)

Logging and Exponentiating as Inverse Operations
In A5-4 (Exponential Functions and Logs), we met the idea of taking a log as the
inverse operation of exponentiating. Taking logs undoes exponentiation.
If 10x = 50, then, taking logs of both sides, we get x = log10 50
Starting with 23 = 8, taking logs (base 2) of both sides, we get 3 = log2 8
Starting with 3 = log2 8, exponentiating both sides

y = log2 x
y

(base 2), we get 23 = 8

y = 2x

Because logging and exponentiation are inverse
operations, y = log2 x and y = 2x are inverse functions.
So, as we saw in A5-11 (Further Relations), the graph
of y = log2 x is the mirror image of the graph of y = 2x
in the line y = x.

x

Practice
Q5

Re-write the following expressions by taking logs of both sides using the
base of the power.
(a) 102 = 100
(d) 105 = 100 000
(g) 32 = 42.5
(j) 4−1 = ¼
(m) (¼)−2 = 4
(p) 2 = 81/3
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(b)
(e)
(h)
(k)
(n)
(q)

64 = 43
27 = 33
81 = 34
1 = 100
0.2−1 = 5
8−2/3 = ¼
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(c)
(f)
(i)
(l)
(o)
(r)

54 = 625
251/2 = 5
91.5 = 27
1/8 = 2−3
0.2−2 = 25
0.4 = 0.41
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Q6

Q7

Re-write the following expressions by exponentiating both sides using the
base of the log.
(a) log10 100 = 2
(b) log2 16 = 4
(c) log4 32 = 2.5
(d) log10 0.001 = −3

(e) 2 = log5 25

(f) 0 = log10 1

(g) log2 8 = 3

(h) log2 64 = 6

(i) log2 ½ = −1

(j) log3 9 = 2

(k) log3 1 = 0

(l) log3 1/9 = −2

(m) log5 25 = 2

(n) log4 64 = 3

(o) log6 216 = 3

(p) log1.5 2.25 = 2

(q) log9 9 = 1

(r) log9 3 = ½

Use the fact that logging and exponentiating are inverses of each other to
evaluate the following. Don’t use a calculator.
(a) log10 107
(b) log5 54
(c) log3 3−6
(d) 10log10 3
(g) log5 52.2

(e) 2log2 5
(h) 2−log2 32

(f) 1.1log1.1 2.4
(i) 3.5−log3.5 5

One-step Equations from Exponential and Logarithmic Functions
Exponential equations have the unknown in the exponent. We can solve exponential
equations by taking logs of both sides
2x = 50
x = log2 50
x =

log10 50
log10 2

(change of base law)

x = 5.64
Logarithmic equations contain a log of the unknown. We can solve logarithmic
equations by exponentiating both sides.
log10 x = 3
x = 103
x = 1000

Practice
Q8

Solve the following equations.
(a) 10x = 50

(b) 2x = 2.8

(c) log3 x = 4

(d) log64 x = ½

(e) log10 x = 2.05

(f) 3x = 0.24

(g) log6 x = −1

(h) 0.5x = 21

(i) log7 x = −¼

M1Maths.com

A5-13 Logs

Page 7

Q9

(j) log2 z = 2.5

(k) log5 x = 1.6

(l) 4h = 0.8

(m) log10 a = −2.2

(n) log3.5 x = 2

(o) log1.1 p = 6

(p) log0.1 x = 4

(q) 1.02t = 421

(r) log9 k = 3/4

Solve the following logarithmic equations without a calculator.
(a) log2 x = 5
(b) log16 x = 0.25
(c) log5 t = 2
(d) log10 a = 4

(e) log3 x = 4

(f) log1.2 p = 2

(g) log10 x = −3

(h) log4 s = 1.5

(i) log8 a = −2/3

Multi-step Equations from Exponential and Logarithmic Functions
In the equations above, there was only one step – the one that required logging or
exponentiation. In the following equations there are a number of steps, only one of
which requires logging or exponentiating to undo it. As with all equations, undo the
operations in order, starting with the last one that was done to the unknown.
For example, we would solve 2 log10x + 4 = 2 like this:
2 log10 2x + 4 = 2
2 log10 2x = ‒2
log10 2x = ‒1
‒1

2x = 10

2x = 0.1
x = 0.05

Practice
Q10 Solve the following equations showing all steps.
x

(a) 10 + 6 = 17

(b) log10x – 0.6 = 2
w

(d) 3 + log5(a – 5) = 5.5 (e) 4 × 8 = 10

h+1

(c) 4 + 2

= 20

(f) 4 log6z = ‒1.9

Q11 Solve the following equations showing all steps.
(a) 5 log10 x = 10
(b) 3 log2 x – 6 = 0
(c) log3 (x + 4) = 2
(d) 2 ×10k + 4.5 = 50

(e) 10(4 + 3x) – 1 = 117 (f) (5t + 3) ÷ 2 + 5 = 22

(g) 6 + 4 log5 (x+3) = −2 (h) 5 log3 (x − 2) – 1 = 9 (i) 3 log4 x – log3 9 = −½
(2c+7)

(j) 2

– 8 = 55

(m) 5 (log10 x)2 = 45
M1Maths.com
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(k) 10 – 2 = ‒4

(n) 2 log3 (x2 + 11) – 1 = 5
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(l) (2 +1) + 3 = 31
(o) 2 log3 (1/x) – 4 = 0
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Log Laws
You already know the index laws. These can be useful for simplifying expressions
containing indices. There is also a set of log laws for simplifying expressions
containing logarithms. There are five log laws. They are listed below. The first four
are, in a sense, the reverse of an index law and are given beside that index law. The
last is the change of base law which you have already met.
Index Law

Log Law

a–n

=

1
an

loga

1
n

am  an

=

am+n

loga (mn) =

loga m + loga n

am  an

=

am–n

loga (mn) =

loga m – loga n

(am)n

=

amn

loga mn

=

nloga m

loga n

=

log b n
log b a

=

–loga n

Log laws are often needed in solving equations and in solutions to calculus problems.
You need to know the five log laws by heart. They are laid out so you can cover up one
side with a sheet of paper and write the hidden expressions on the paper to test
yourself. You should already know the corresponding index laws, but if you need to
revise them, you can do the same with them. Make sure you know them all before you
go on.

Practice
Q12 Apply the first four log laws to write the following in the other form.
(a) log10 1/12
(b) −log2 5
(c) log3 4 + log3 5
(d) log5 (2 × 7)

(e) log3 (4 ÷ 9)

(f) log2 15 – log2 3

(g) log10 52

(h) 4 log8 3

(i) log4 5 + log4 7

(j) log10 56

(k) 2 log2 7

(l) log3 (16 ÷ 5)

(m) log3 (5 × 4)

(n) log2 9 − log2 10

(o) −log10 9

(p) log10 1/27

(q) 5 log8 3

(r) log5 (2  6 × 7)

Note: the answer to (r) will be the sum of three logs
(s) log10 (4  6 ÷ 11)
(t) log2 3 + log2 5 + log2 6
(u) log12 (18 ÷ 5 × 11)

(v) log2 3 – log2 5 – log2 6

Q13 Simplify the following as much as possible. Don’t use a calculator.
(a) log10 12 + log10 3 – log10 9

(b) log2 4 + log2 6 – log2 12

(c) log4 15 – 2 log4 5

(d) 3 log6 4 – 2 log6 8

(e) –log4 5 –

(f) log2 2 – log2 1 + log10 6
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(g) log10 25 + log10 4

(h) 2 log2 ¼ + log5 125

(i)

(j) log2 36 − log2 9

log2 9 – 2 log2 3

Now we will solve some equations using logs. Unlike in most of the previous questions,
you need to show working when you solve an equation. For example, to solve
2 log6 x + log6 3 = log6 75
you should proceed like this:
2 log6 x + log6 3 = log6 75
Use a log law
And another one

log6 x2 + log6 3 = log6 75
log6 (x2 × 3) = log6 75
x2 × 3 = 75

Exponentiate

x2 = 25

Divide by 3

x = ±5

Take the square root

Your working should look like the right column. You don’t need to show the left
column – that’s just what you think as you go along.

Practice
Q14 Solve the following equations without using a calculator.
(a) log4 x + log4 3 = log4 18
(b) log10 x + log10 2 = 3
(c) 4 = log2 x − log2 5

(d) log10 2x + log10 ½ = 1

(e) log6 x + log6 2 = log4 16

(f) 4 = log2 (2x + 5) − log2 5

(g) log5 3x – 4 log5 2 = −log5 16

(h) 3 log2 2x = 6

(i) x − 2 = −log6 36

(j) log10 (x2 − x) = log10 6

(k)

log5 𝑥
log5 2

=6

(l)

log2 𝑥
log2 10

log 4

= log3 2
3

(m) log4 2 = log16 x

(n) loga 81 = log2 16

(o) 2x = log3

(p) log2 x =

7

9

log 4 36
log 4 6

Q15 Change the subject of the following formulae
(a) y = 2x + 4

(b) a = ½ log10 (4c + 1)

(c) r = 4 + 3 log5 (1 – t2)

(d) k = 4 × 5
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Logarithmic Scales
Suppose we wanted to draw a graph to compare the masses of various means of
transport. We want to show a motorbike (250 kg), a car (1.4 t) and a horse (600 kg).
Our graph might look like this:
2000 kg
mass
1000 kg

0 kg

M’bike

Horse

Car

This makes the comparison pretty well. But suppose we also wanted to include a
skateboard (2 kg), a bus (30 t), a train (600 t) and an ocean liner (150 000 t). To make
the ocean liner fit on the graph, most of the other things would have to be so small as
not to be visible.
200 000 t
mass
100 000 t

0t

S’board

M’bike

Horse

Car

Bus

Train

Liner

We can get around this by using the log of the mass on the vertical axis. The masses
and the logs (base 10) of the masses are as follows:
mass (kg)

log10 (mass)

Skateboard

2

0.3

Motorbike

250

2.4

Horse

600

2.8

Car

1400

3.1

Bus

30 000

4.5

Train

600 000

5.8

150 000 000

8.2

Ocean Liner
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The graph would then look like this:
10
log10 (mass)
5

0

S’board

M’bike

Horse

Car

Bus

Train

Liner

While this graph needs to be interpreted a bit differently from the original graph, it
does successfully show the relation between the masses.
We say this graph has a logarithmic scale, whereas the original graph has a linear
scale. Logarithmic scales are useful for comparing things which span several orders of
magnitude.

Index .

The relation between the Dow Jones Industrial Average (a measure of the price of US
shares) and time is graphed below using a logarithmic scale, but writing in the full
number rather than the log.
10000

1000

100

10
1920

1940

1960

1980

2000
Year

Index .

The important thing to note on a logarithmic scale is that a given size step along the
scale corresponds to multiplication by a given amount, whereas on normal (linear)
scales, each step corresponds to adding a given amount. The Dow Jones graph on a
linear scale would look like this:
10000
8000
6000
4000
2000
0
1920

1940

1960

1980

2000
Year
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This graph doesn’t show the variation in the early years at all well, whereas the first
one does.
Because the index tends to increase by roughly the same percent each year, the
growth is approximately exponential. Exponential growth produces a linear graph
when a logarithmic scale is used.
The first graph is roughly linear, the deviations from linearity reflecting the shortterm ups and downs of the market.

Measuring Sound
The quietest sound a good human ear can hear is about 10–12 W/m2 (watts per square
metre). A quiet whisper is about 10–9 W/m2, normal conversation about 10–6 W/m2,
busy street traffic about 10–5 W/m2, a loud rock concert about 10–1 W/m2, the threshold
of pain about 101 W/m2 and an instant ruptured eardrum 104 W/m2.
The number of watts per square metre is called the intensity of the sound. Because
these intensities range over several orders of magnitude, it is more convenient to
describe sound intensities using the log (base 10) of the intensity. That way a quiet
whisper would be about –9, conversation would be about –6 and the threshold of pain
would be about 1.
Because these numbers are mostly negative, it is still more convenient to add 12 to
them all. Then the quietest audible sound is 0, a whisper is about 3, conversation is
about 6 and a loud rock concert is 11. This is the scale that is most commonly used.
The units are called bels (abbreviation B). So the quietest audible sound is 0 bels, a
conversation is about 6 bels and a loud rock concert is 11 B.
Note that 0 bels doesn’t mean no sound. It is possible to have a sound of –2 bels (the
intensity would be 10–14 W/m2, though no one could hear it.
As sounds can be realistically measured to a tenth of a bel, we divide a bel into 10
decibels (abbreviation dB). In fact, bels themselves are rarely used. Instead we say
that the sound of a conversation is about 60 decibels and the sound of a loud rock
concert is about 110 dB.
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The table below summarises this information.
Sound

Intensity (W/m2)

bels

decibels

Inaudible sound

10–14 W/m2

–2

–20

Barely audible sound

10–12 W/m2

0

0

Quiet whisper 1 m away

10–9 W/m2

3

30

Conversation

10–6 W/m2

6

60

Loud rock concert

10–1 W/m2

11

110

Threshold of pain

101 W/m2

13

130

Instant ruptured ear drum

104 W/m2

16

160

The important thing about the decibel scale is that, being a logarithmic scale, each
increase of 1 bel (10 dB) corresponds to a 10-times increase in sound intensity. An
increase of 2 bels (20 dB) corresponds to 100-times increase, 3 bels is a 1000-times
increase and so on.
The multiplication factor is 10 to the power of the number of bels. [Looked at the other
way, the number of bels is the log (base 10) of the multiplication factor.]
So, if one sound is 5 bels and a second sound is 10 bels, the second sound is 100 000
times the intensity of the first sound (or 105 times the intensity).
If one sound is 4 bels and a second sound in 6.5 bels, then the intensity of the second is
102.5 times the intensity of the first, i.e. 316 times the intensity.
In general, a difference of x bels, corresponds to a ratio of 10x in intensity. If the
difference is 30 dB, just think of it as 3 bels and so the intensity ratio is 10 3 or 1000.
Conversely, if the intensity of a sound in multiplied by x, then the number of decibels
increases by log10 x.

Practice
Q16 (a) How many times greater would the intensity of a 7 bel sound be than
the intensity of a 4 bel sound?
(b) How many times greater would the intensity of a 90 dB sound be than
the intensity of a 70 dB sound?
(c) What is the ratio of the intensities of a 60 dB sound and a 100 dB sound?
(d) What is the ratio of the intensities of a 60 dB sound and an 85 dB sound?
(e) How many times greater is the intensity of a 72 dB sound than the
intensity of a 48 dB sound?
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(f) A 0dB sound is 10−12 W/m2. What would be the intensities of these
sounds?
(i) 30 dB
(ii) 65 dB
(iii) 102 dB
(iv) 155 dB
(g) How many decibels would the following sounds be?
(i) 10−10 W/m2

(ii) 10−6.2 W/m2

(iii) 4 × 10−3 W/m2 (iv) 26 W/m2

(h) If a lawn mower at 10 m makes a sound of 70 dB, what sound would 2
lawnmowers at the same distance make?
(i) How many quiet whispers (30 dB) would it take to make as much sound
as a busy street (70 dB)?
(j) How many 0 dB sounds does it take to make a 5 dB sound?
(k) How many −15 dB sounds does it take to make a 5 dB sound?
(l) Gary’s mower produced 70 dB. Cynthia’s mower is 10 times as loud. How
many dB is Cynthia’s?
(m) How many decibels would be produced by fifteen 63 dB violins?
(n) Drac liked to scream at the full moon. His neighbour, Vlad complained

that the screaming kept him awake. Vlad took a sound measuring device
into his bedroom and measured the level of Drac’s screams. It was 84 dB.
Drac agreed to cut the intensity of his screaming by half. How many
decibels would the screams be then?

Note on Misuse of the Idea of Decibels
The number of decibels of a lawn mower is a measure of what one hears at a certain
position, not how much noise the mower makes. For example, the mower might
produce 10–2 Watts. At a distance of 10 m from the mower, this 10–2 Watts has
spread out over the surface of a sphere with radius 10 m. The surface area of that
sphere is 𝜋𝑑 2 = 1256 m2. So the intensity at 10 m is 10–2 ÷ 1256 W/m2, i.e. 8 × 10–6
W/m2. This is 6.9 B or 69 dB. Twice as far away, the sound intensity would be one
–7

quarter as much, i.e. 2 × 10

W/m2. This is 63 dB.

Some people will say things like ‘A jet plane taking off produces 120 dB.’ This is
really a meaningless statement. The sound of the jet plane might be 120 dB if you
are 2 m from the engine, but it might be 48 dB is you are a few kilometres away.

M1Maths.com

A5-13 Logs

Page 15

Measuring Earthquakes
The energy released in an earthquake also varies over several orders of magnitude.
For this reason the logarithmic Richter scale is used to compare them.
The Richter scale is based on the log base 10 of the energy. So an earthquake of
magnitude 6.0, supplies 10 times as much energy as one with a magnitude of 5.0.
The following table gives some idea of the magnitudes of different earthquakes.

Magnitude

Effect

Frequency on Earth

2–3

Recorded but not felt

8000 per day

3–4

May be felt

50 000 per year

4–5

Indoor items shake and rattle

6000 per year

5–6

Damage to poorly constructed buildings

800 per year

6–7

Some damage to well-constructed buildings

120 per year

7–8

Widespread damage in populated areas

20 per year

8–9

Serious earthquake making major news

1 per year

9 – 10

Widespread devastation

1 per 20 years

Practice
Q17 (a) How many times more energy would be released by a magnitude 5
earthquake than be a magnitude 3 earthquake?
(b) What would be the magnitude of an earthquake that released 60 times
as much energy as a magnitude 3.5 earthquake?
(c) What is the ratio of the energy released by earthquakes with

magnitudes 6.8 and 8.4?

pH
Logarithmic scales are used in other contexts. If you study chemistry, you may have
come across pH, a measure of the acidity or alkalinity of a solution. This uses a
logarithmic scale. pH = –log10 [H+] where [H+] is the concentration of hydrogen ions in
moles per litre*. It is 7 for a neutral solution, higher for alkaline solutions and lower
for acid solutions. Car battery acid has a pH of about 0, drain cleaners about 14.
* Actually, H+ ions don’t really exist independently in a solution: the proton attaches itself to a water
molecule to make an H3O+ ion called a hydronium ion, but the situation can be thought of in terms of
H+ ions.
M1Maths.com
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Practice
Q18 (a) What is the hydrogen ion concentration of a solution with a pH of 3?
(b) What is the hydrogen ion concentration of a solution with a pH of 7.6?
(c) What is the pH of a solution with 10‒4 moles per litre of H+ ions?
(d) What is the pH of a solution with 0.000 000 000 024 moles per litre of H+
ions?
(e) Sea water has a pH of around 7.6, but is slowly acidifying as
atmospheric CO2 increases. What would the pH be if the concentration of
hydrogen ions doubled?
(f) How many moles of hydrogen ions would have to be added to a litre of
solution to lower its pH from 4 to 3?
(g) One mole of hydrogen ions consists of 6.02 × 1023 ions. How many
hydrogen ions in a litre of solution with a pH of 12.5?
(h) How many hydrogen ions would have to be added to the solution in the

last question to bring its pH down to 6.4?

Chromatic Scale in Music
In music, a note an octave higher than another note has twice its frequency. Middle C
has a frequency of 261.6 Hertz (cycles per second); High C has a frequency of 523.2 Hz,
the C above that is 1046.4 Hz and so on.
In the chromatic scale, an octave step is broken into 12 semitone steps. The frequency
increases by a factor of 2 to the power of 1/12 for each semitone rise.
If we give Middle C the number 0, the next semitone up, D♭ (D-flat), the number 1, the
next, D, the number 2, the next, E♭, the number 3 and so on, then any note, n, has a
frequency f given by f = 261.6 × 2

n/12
.

Practice
Q19 (a) Show that n = 12 log2 f – 96.4.
(b) What would be the frequency of note 17?
(c) What is the ratio of the frequency of note 19 to note 12?
(d) The sequence of notes in an octave is C, D♭, D, E♭, E, F, F♯, G, A♭, A, B♭,
B, C. What is the frequency of the first A♭ above Middle C?
(e) What is the nearest note to a frequency of 440 Hz?

M1Maths.com

A5-13 Logs

Page 17

Solve
Q51 Solve log5 (log5 x) = 0.8
Q52

Solve log10 (x + 1) = 10x −1

Q53

In a water-based solution the product of H+ ion concentration and OH− ion
concentration (both in moles/L) is always 10−14. What is the pH of a solution
which has an H+ to OH− ratio of 1:17?

Q54

Solve loga124 = 9

Q55

Notes sound good (harmonious) together when the ratio of their frequencies is
close to a simple whole-number ratio. Find the ratios of the frequencies of each
of the notes D♭, D, E♭, E, F, F♯, G, A♭, A, B♭, B and C to the note C in the
chromatic scale and hence predict which notes will go well with C.

Revise
Revision Set 1
Q61

(a) Rewrite 81 = 34 by taking logs of both sides.
(b) Rewrite log2 ½ = −1 by exponentiating both sides.
(c) Without a calculator, evaluate log27 9.

Q62 Solve without a calculator: log3 x = 4
Q63 Solve with a calculator: log5 x = 2.6
Q64 Use the log laws to simplify the following:
(a) log10 15 + log10 3 – log10 9
(b) –log4 5 – 2 log4 2 + log4 1
Q65

How many times greater would the intensity of a 90 dB sound be than the
intensity of a 70 dB sound?

Q66 How many decibels is a sound of 4 × 10−3 W/m2 ? [A 0 dB sound is 10−12 W/m2.]
Q67 How many decibels would be produced by twenty singers each producing 72 dB?
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Answers
Q1

Q2
Q5

(a) 2
(b)
(g) 3
(h)
(m) 2
(n)
(s) ½
(t)
(a) ½
(b)
(g) 2/3
(h)
(a) 2 = log10 100

Q7
Q8

Q9
Q10
Q11

Q12

(c) −1
(d)
(i) −1
(j)
(o) 3
(p)
(u) −1
(v)
(c) 1½
(d)
(i) 3.1
(j)
(b) log4 64 = 3

(f) ½ = log25 5

(g) log4 32 = 2.5

(h) log3 81 = 4

(i) 1.5 = log9 27

(j) −1 = log4 ¼

(k) log10 1 = 0

(l) log2 1/8 = −3

(m) −2 = log1/4 4

(n) −1 = log0.2 5

(o) −2 = log0.2 25

1/3

(q)

102

Q15

= log8 ¼

(b) 16 =
(e) 52 = 25
(h) 64 = 26
(k) 1 = 30
(n) 64 = 43
(q) 9 = 91
(c) −6
(i) 1/5
(c) 81
(i) 0.61
(l) ‒0.16
(r) 5.20
(c) 25
(i) ¼
(c) 3
(c) 5
(i) 2
(n) 4
(b) log2 1/5

(d) log5 2 + log5 7

(e) log3 4 − log3 9

0
−2
½
¼
3/2
−3/2

(r) log0.4 0.4 = 1

24

(d) 3

(c)
(f)
(i)
(l)
(o)
(r)
(e)

32 = 42.5
100 = 1
½ = 2−1
1/9 = 3−2
216 = 63
3 = 91/2
5

(d) 8

(e) 112

(f) ‒1.30

(m) 0.0063

(n) 12.25

(o) 1.77

(d) 10 000

(e) 81

(f) 1.44

(d) 60.9
(d) 1.36
(j) ‒0.511
(o) 1/9

(e) 0.44
(e) 1.87
(k) 1.27

(f) 0.427
(f) 2.13
(l) 2.27

(f) 2.4

(c) log3 (4 × 5)
(f) log2 (15 ÷ 3)

(h) log8

34

(i) log4 (5 × 7)

(j) 6 log10 5

(k) log2

72

(l) log3 16 − log3 5

(m) log3 5 + log3 4

(n) log2 (9 ÷ 10)

(o) log10 1/9

(p) −log10 27

(q) log8 35

(r) log5 2 + log5 6 + log5 7

(s) log10 4 + log10 6 − log10 11

(t) log2 (3 × 5 × 6)

(u) log12 18 − log12 5 + log12 11

(v) log2 (3 ÷ 5 ÷ 6)

(a) log10 4

(b) 1

(c) log4 3/5

(d) 0

(f) 1 + log10 6

(g) 2

(h) −1

(i) 0
(a) 6
(e) 18
(i) 0
(m) 2

(j) 2
(b) 500
(f) 37.5
(j) 3 or −2
(n) 3

(c)
(g)
(k)
(o)

(d) 10
(h) 2
(l) 100
(p) 16

(a) x = log2 (y – 4)

(b)

1/20

𝑐=

(d) x = 8 log5 (k/4)
Q16

−2/3

(a) 100 =
(d) 0.001 = 10−3
(g) 8 = 23
(j) 9 = 32
(m) 25 = 52
(p) 2.25 = 1.52
(a) 7
(b) 4
(g) 2.2
(h) 1/32
(a) 1.70
(b) 1.49
1
(g) /6
(h) ‒4.39
(j) 5.66
(k) 13.1
(p) 0.0001
(q) 305
(a) 32
(b) −½
(g) 0.001
(h) 8
(a) 1.04
(b) 398
(a) 100
(b) 4
(g) −2.96
(h) 11
(m) 1000 or 0.001
(a) −log10 12

(e) log4
Q14

(e) 1
(f)
(k) 0
(l)
(q) 1
(r)
(w) −¼
(x)
(e) ¼
(f)
(k) −3
(l)
(c) 4 = log5 625

(e) log3 27 = 3

(g) 2 log10 5

Q13

−3
2
2
−1/3
2/3
2

(d) 5 = log10 100 000

(p) log8 2 =
Q6

6
6
3
1/3
1½
7

(a) 1000
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(b) 100

102𝑎 −1
4

80
1/3
64
1/7

(c) t = ±√1 − 10(𝑟−4)/3
(c) 1:10 000
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(e) 251
−9

−6

Q17
Q18

(f) (i) 10 W/m2
(g) (i) 20 dB
(h) 73 dB
(l) 80 dB
(a) 100
(a) 0.001 mol/L

(ii) 3.16 × 10 W/m2 (iii) 1.58 × 10
(ii) 58 dB
(iii) 96 dB
(i) 10 000
(j) 3.16
(m) 74.8 dB
(n) 81dB
(b) 5.28
(c) 1:40
(b) 0.000 000 025 mol/L
(c) 4

Q19

(e) 7.3
(b) 698.4 Hz

(f) 0.0009
(c) 1.498

Q51

341.2

Q52

Q61

(a) log3 81 = 4

(b) 2−1 = ½

Q62
Q63
Q64

64
65.66
(a) log10 5

(b) 1/20

Q65

100

Q76
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W/m2 (iv) 3.16 × 10 W/m2
(iv) 134 dB
(k) 100

(d) 10.62

(g) 190 billion
(d) 415.3 Hz

x = 0 or x = −0.86

96 dB

−2

(h) 2.4 × 10
(e) A
Q53

7.615

17

Q54 1.708

(c) ½

Q77

85 dB
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