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Summary
A linear function is one which graphs as a straight line. It has general form y = mx + c,
where m is the gradient of the line and c is the y-intercept. Using this knowledge, it is
possible to convert quickly between formulae, tables and graphs of linear functions.
To find the formula for a line on a graph, given the gradient and a point on the line,
start by assuming it is y = mx + c, then substitute the gradient for m, then substitute
the x and y coordinates of the given point into the formula and solve the resulting
equation to find c.
To find the formula for a line on a graph, given two points on the line, use the two
points to find the gradient, then find c using one of the points as above.
Equations from linear functions can be solved using the techniques you have learnt in
earlier modules.
Linear functions have many applications, some of which you will already have met.
‘Find the equation of a line on the Cartesian plane’ is another way of saying ‘Find the
formula for a linear graph’.
Because lines parallel to the y axis have neither gradient nor y-intercept, they do not
have formulae of the form y = mx + c. Their formula is x = k, where k is the x-intercept
of the line.
Parallel lines have the same gradient. If a line has gradient m, then a line
perpendicular to it has gradient −1/m.
The x-coordinates of the midpoint of the line section joining two given points is the
average of the x-coordinates of the two given points. Similarly for the y-coordinate.
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Learn
General form and graph shape
25

Linear Functions are functions whose graphs are
straight lines.
fare = 3 + 2 × distance is a linear function. If the
distance is 0, then the fare is $3, so the graph starts at
the vertical axis (often called the y-axis) at f = 3 (we
say the y-intercept is 3). Then for each 1 km increase
in distance, the fare rises by $2. So the graph rises 2
units for each unit we go to the right. In other words,
the gradient is 2.
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cost = 15 + 8 × number delivered would also be a linear function, though a different
one, this time with a y-intercept of 15 and a gradient of 8.
In fact any function of the form
dependent variable = a number + another number × independent variable
will be a linear function.
We say the general form of a linear function is y = c + mx.
x is the independent variable which could be distance, number delivered etc.; y is the
dependent variable which could be fare, cost etc.; c and m are numbers called
parameters. The parameters are different in different linear functions.
Stop for a while and make sure you understand the difference between variables and
parameters – it’s a very important distinction. Variables are the quantities within a
relation and the value of one determines the value of the other. For example, if the
variables are distance and cost, the distance determines the cost.
Parameters are the numbers which determine the type of linear function; they
distinguish different linear functions. They determine the y-intercept and gradient of
the graph. In the linear function fare = 3 + 2 × distance the parameters are 3 and 2.
They don’t change. But the parameters might be different in a different linear
function. Different values for the parameters give different linear functions. Changing
them to 7 and 4 might produce the linear function fare = 7 + 4 × distance, which might
be the function for a limousine rather than a normal taxi.
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Linear functions have two parameters, c and m. The value of c determines where the
line crosses the vertical axis, the y-intercept; the value of m determines how steeply
the graph rises from there, i.e. the gradient of the line.
The values of the parameters c and m can be fractional or negative. If c is negative,
then the line crosses the vertical axis below zero; if m is negative, then the line slopes
downwards rather than upwards. The function below is y = – 4 – ½x .

gradient = -½

axis intercept
= -4

Although linear functions are probably easiest to understand in the form y = c + mx
(for example f = 3 + 2d), mathematicians more commonly write them as y = mx + c
(e.g. f = 2d +3).

Converting between formulae, tables and graphs
You already know how to convert a formula for a linear function to a table and hence
to a graph, and how to convert a graph to a table. The y = mx + c idea allows us to
convert graphs and tables to formulae.
To convert a graph to a formula, just read off the y-intercept: this gives you the value
of c. Then determine the gradient: this gives you the value for m. Then substitute m
and c into the general form y = mx + c.
For example, if the y-intercept is 7 and the gradient is −2, then the formula is
y = −2x + 7.

Practice
Q1

Find the formulae for linear functions with:
(a) gradient 2, y-intercept 5

(b) gradient 5, y-intercept 1

(c) gradient −3, y-intercept 8

(d) gradient ½, y-intercept −3

(e) gradient −0.6, y-intercept −4

(f) gradient 1, y-intercept 3

(g) gradient 0, y-intercept −1

(h) gradient 2, y-intercept 0

(i) gradient −2, y-intercept 0

(j) gradient 0, y-intercept 0

M1Maths.com

A3-8 Linear Functions

Page 3

Q2

Find the formulae for these functions. (Assume each grid square is one unit
and that the solid grid lines are the x and y axes.)

(c)

(a)

(b)

(d)

(e)

To convert from a table to a formula, read off the value of y when x = 0: this will give
the value of c. Then look at how much y increases for each unit increase in x: this will
give the value of m. Then substitute m and c into the general form y = mx + c.
x
y

0
11

1
14

2
17

3
20

4
23

5
26

In the table above c = 11 and m = 3, so the formula is y = 3x + 11.
x
y

3
8

4
6

5
4

6
2

7
0

8
−2

In the second table (above), we can see that m = −2, but we have to extrapolate
backwards to find c. Imagine the pattern continuing back to x = 0; the value of y would
be 14. So c = 14. So the formula is y = −2x + 14.
x
y

6
44

10
56

14
68

18
80

22
92

26
104

In this last table, the x values go up in 4s, so we have to divide the jumps in the y
values by 4. 12 ÷ 4 = 3, so m = 3. We have to extrapolate back from the first y-value.
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This would be 6 steps of 3 taking us back 18 to 26. So c = 26. And the formula is
y = 3x + 26.

Practice
Q3

Find the formulae for these linear functions.
(a)

x
y

0
5

1
8

2
11

3
14

4
17

5
20

(b)

d
f

3
10

4
12

5
14

6
16

7
18

8
20

(c)

t
r

0
12

2
6

4
0

6
-6

8
-12

10
-18

(d)

x
y

8
5

12
7

16
9

20
11

24
13

28
15

(e)

x
y

-2
-13

-1
-11

0
-9

1
-7

2
-5

3
-3

(f)

x
y

2.5
28

3
32

3.5
36

4
40

4.5
44

5
48

The general form y = mx + c can also be used as a quick way to plot the graph of a
linear function from its formula without having to draw up a table.
To plot the graph of y = 3x – 4, place a dot on the y-axis at -4. From there step 1 unit to
the right and 3 units up and place another dot. Then, for accuracy, go another unit
right and another 3 units up and place another dot. Then join the dots. As a further
short cut, after placing the dot on the axis, you could go 5 to the right and 3×5 up to
place the second dot, then draw the line.

Practice
Q4

Use the y = mx + c idea to quickly plot graphs of the following functions.
(a) y = 2x + 5

(b) y = 2x − 3

(c) y = x + 1

(d) y = −½x + 2

(e) y = 2x

(f) y = 6
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Finding formulae from gradients and points on the line
Given the gradient and a point on the line
Suppose a function has a gradient of 2 and it passes through the point (5, 3).
y

(5, 3)
x

m = 2, so the formula is y = 2x + c.
Now when x = 5, y = 3. We can substitute these into y = 2x + c to get 3 = 2  5 + c. We
can then solve this equation to get c = –7. So the formula is y = 2x – 7.

Practice
Q5

Find the formulae for the following linear functions:
(a) gradient = 2,

passes through (4, 1)

(b) gradient = –1,

passes through (–6, 2)

(c) gradient = ¼,

passes through (–8, –3)

(d) gradient = 0.8, passes through (5, 0)
(e) gradient = 0,

passes through (3, 3)

Given two points on the line
Suppose we want the formula for the line that passes through the two points (–2, 7)
and (4, 1).
First we find the rise and run between the two points. Then we calculate the gradient
from these using the

𝑟𝑖𝑠𝑒
𝑟𝑢𝑛

method. Then we know the gradient and a point on the line

(we can choose either of the given points). So we can find the formula using the
method above.
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y
(–2, 7)

(4, 1)
x

In the graph above, the rise is –6, the run is 6, so the gradient is –1. So m = –1.
So the formula is y = – x + c.
Then we can use the point (4, 1) to find c.
We sub y = 1, x = 4 into y = – x + c. This gives us 1 = –4 + c. Hence c = 5.
So the formula is y = – x + 5

Practice
Q6

Find the formulae for the following linear functions:
(a) passes through (1, 2) and (5, 10)
(b) passes through (–6, 2) and (2, –2)
(c) passes through (–8, –3) and (5, 10)
(d) passes through (5, 0) and (–5, 4)
(e) passes through (3, 3) and (–5, –2)

Extension
Find the formula for a linear function which has a gradient of m and passes through
the point (x1, y1).
Some people use this formula as a short cut to finding the formula for a linear
function given the gradient and a point on the line. If you are good at remembering
lots of formulae long-term and not getting them mixed up, then you might like to
consider memorising the formula.
If, like most people, you tend to forget formulae if you don’t use them for a while, then
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it is probably better to use the method described above.
If you want, you can do the same thing with a linear function which passes through the
points (x1, y1) and (x2, y2).

Solving Equations
If we substitute for the dependent variable in a linear function, we get an equation
something like 3a + 5 = 23. You already know how to solve such equations by doing
the same thing to both sides.
3a + 5 = 23
−5

−5

3a = 23
÷3

÷3

a = 7.67
You have done it enough that you shouldn’t need any more practice here.

Some applications of linear functions
Linear functions are probably the most common type of function used. Taxi fares are
one example. The fare is calculated as a basic fixed amount (the flag fall) plus an
extra amount for each kilometre travelled. Many other relations are also linear
functions.
The cost for mail order items is often a linear function of the number ordered. You
might pay $10 for mailing plus $4 per item, so the function is c = 10 + 4n, where c is
the cost and n is the number ordered.
If a triangle is drawn on a sphere, the total of the internal angles, a, is a linear
function of the fraction, f, of the sphere’s surface taken up by the triangle. In this case
a = 180 + 720f.
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Special linear functions

There are two special types of linear function – those where m = 0 and those where
c = 0.
When m = 0, we get y = c. This is called a constant function and graphs as a
horizontal line. Constant functions aren’t terribly interesting functions.
When c = 0, we get y = mx. This is a proportional function and graphs as a sloping
line passing through the origin.

A proportional function can be used to describe the relation between any two variables
if they are proportional to one another. As an example, if you walk at 5 km/h, then the
distance walked is proportional to the time taken. d = 5t.

Equations of Lines on the Cartesian Plane
Sometimes, you will be asked to find the equation of a line on the Cartesian plane. The
Cartesian plane is a name for the x-y plane we use for graphing relations.
‘Find the equation of a line on the Cartesian plane’ is another way of saying ‘Convert a
linear graph to a formula’. The equation of the red line below is y = 0.5x + 3.
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(a)
(b)

(d)

(c)

Practice
Q7

Find the equations of the lines (a) to (c) on the Cartesian plane above.

Vertical Lines
One exception to this is the equation of a vertical line (parallel to the y-axis). Such
lines have an infinite gradient and no y-intercept, and so can’t be expressed in the
form y = mx + c. They are not linear functions. They don’t pass the vertical line test for
functions.
The equation of a vertical line is just x = k, where k is the x-intercept. Line (d) on the
plane above has the equation x = 9.5. It is all the points on the plane where the
x-coordinate is 9.5.
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Parallel and Perpendicular lines
Parallel lines on the Cartesian plane have the same gradient and therefore the same
value for the parameter m. So y = 3x + 5 and y = 3x – 4 are parallel.
If lines are perpendicular, then the gradient of one is the negative of the reciprocal of
the other. So if one has a gradient of 4, the other has a gradient of –¼; if one has a
gradient of −2/3, then the other has a gradient of 3/2. To get the reciprocal of any
number, express it as a proper or improper fraction and turn it upside down.

Practice
Q8

(a) Find the equation of a line on the Cartesian plane which is vertical
(parallel to the y-axis), but 4 units to the right of it.
(b) Find the equation of a line on the Cartesian plane which is parallel to
the y-axis), but 2 units to the left of it.

Q9

(a) Give the gradient of a line which is parallel to a line with gradient −0.7.
(b) Give the gradient of a line which is perpendicular to a line with gradient
2.
(c) Give the gradient of a line which is perpendicular to a line with gradient
−4.
(d) Give the gradient of a line which is perpendicular to a line with gradient
2/5.
(e) Give the gradient of a line which is perpendicular to a line with gradient
−1½.

Q10 (a) Find the equation of the line parallel to y = 2x + 3 but passing through the
point (4, 1).
(b) Find the equation of the line parallel to y = −x + 3 but passing through the
point (6, 5).
(c) Find the equation of the line perpendicular to y = 2x − 1 but passing
through the point (4, −1).
(d) Find the equation of the line perpendicular to y = ½x + 29 but passing
through the point (−2, −3).

Mid-point of a Line Segment
This doesn’t really relate to linear functions, but it is in the Australian curriculum and
it fits better here than anywhere else.
Let’s say we have two points on the Cartesian plane: (1, 2) and (7, 4) and we need to
find the coordinates of the point half-way between them.
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The point half-way between them is the mid-point of the line segment joining them.
y
Mid-point

(7, 4)

(1, 2)

x

It should be fairly intuitive that the x-coordinate of the mid-point is half way between
the x-coordinates of the two given points, i.e. the mean of them. In this case it is (1 + 7)
÷ 2 = 4.
Similarly for the y-coordinate, which will be (2 + 4) ÷ 2 = 3.
So the coordinates of the mid-point are (4, 3).

Practice
Q11 Find the mid-points of the line segments joining the following pairs of points.
(a) (2, 3) and (8, 5)
(b) (0, 0) and (6, 2)
(c) (−2, 6) and (6, 2)
(d) (1, 3) and (7, 6)
(e) (−2, −3) and (9, −4)
(f) (5, 0) and (−8, 5)

Solve
Q51

A pizza company charges a set price per pizza plus a set price per order for the
delivery. Getting 3 pizzas costs $23; getting 10 pizzas costs $58. How much
would it cost for 34 pizzas?

Q52

By plotting the lines y = 2, y = 0.5x + 3 and y = −x + 9, find the area of the
triangle between them.

Q53

By finding the equations of the 3 lines connecting the points (4, 3), (9, 5) and
(7, 10), show that they form a right-angle triangle and show that the area of the
triangle is 14.5 units.

Q54

How far (in a straight line) is it from the point (−3, −1) to the intersection of the
line y = x + 4 and the line x = 5?

Q55

Find the equation of the line with positive gradient that crosses the x-axis at −4
and makes an angle of 20° with the x-axis.
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Revise
Revision Set 1
Q61

(a) What shape is the graph of a linear functions?
(b) Give the general form of a linear function.
(c) What the two variables in the general form?
(d) What are the two parameters?
(e) For each of the parameters, what feature of the graph does it tell us?
(f) Give the formula for a linear function whose graph has y-intercept 3 and
gradient 2.
(g) Give the gradient and y-intercept of y = −x + 5
(h) Convert the following table to a formula
d
f

3
10

5
14

7
18

9
22

11
26

13
30

(i) Give the equation of the line with gradient −1 that passes through (4, 2).
(j) Give the equation of the line that passes through (−6, −1) and (3, 2).
(k) If t = 5r – 7, find the value of r when t = 12.
(l) Find the equation of the line parallel to y = x/2 + 3 that passes through (0, 0).
(m) Find the equation of the line perpendicular to the lines in the last question
but passing through (6, 2).
(n) Give the equation of a horizontal like passing through (4, 7).
(o) Give the equation of a vertical line passing through (−3, 5).
(p) Find the mid-point of the line segment from (−3, 1) to (3, −8)
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Answers
Q1
Q2
Q3

(a)
(f)
(a)
(a)

y = 2x + 5
y=x+3
y = 2x + 3
y = 3x + 5

(b)
(g)
(b)
(b)

y = 5x + 1
y = −1
y = ½x + 2
y = 2x + 4

(c)
(h)
(c)
(c)

y = −3x + 8 (d) y = ½x − 3 (e) y = −0.6x − 5
y = 2x
(i) y = −2x
(j) y = 0
y = −½x + 6 (d) y = ¼ x – 2 (e) y = −3/2x – 4
y = −6x + 12 (d) y = ½x – 2 (e) y = 2x – 9 (f) y = 8x + 8

Q4

(a)

(b)
(c)

(f)

(d)

(e)

Q5
Q6
Q7
Q8
Q9
Q10
Q11

(a) y = 2x – 7 (b) y = –x – 4
(c) y = ¼ x – 1 (d) y = 0.8x – 4
(a) y = 2x
(b) y = –½x – 1 (c) y = x +5
(d) y = −0.4x + 2
(a) y = 2½x – 2 (b) y = –x + 5 (c) y = ¼ x – 5½
(a) x = 4
(b) x = −2
(a) −0.7
(b) –½
(c) ¼
(d) −5/2
(e)
(a) y = 2x – 7 (b) y = –x +11 (c) y = −½x + 1 (d) y = −2x – 7
(a) (5, 4)
(b) (3, 1)
(c) (2, 4)
(d) (4, 4.5)
(e)

Q51

$178

Q61

(a)
(e)
(h)
(l)
(p)

Q52 10.5

2/3

(3.5, −3.5) (f) (−1.5, 2.5)

Q54 7.2 units Q55 y = 0.364x +1.456

a straight line
(b) y = mx + c
m is the gradient, c is the y-intercept
y = 2x + 4
(i) y = −x + 6
x
y = /2
(m) y = −2x + 14
(0, −3.5)
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(e) y = 3
(e) y = 5/8x + 11/8

(c) x, y
(f) y = 2x + 3
(j) y = 1/3x
(n) y = 7
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(d)
(g)
(k)
(o)

m, c
−1, 5
3.8
x = −3
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